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Abstract. We present a streamlined approach to relative oscillation criteria 
based on effective Priifer angles adapted to the use at the edges of the essential 
spectrum. 

Based on this we provided a new scale of oscillation criteria for general 
Sturm-Liouville operators which answer the question whether a perturbation 
inserts a finite or an infinite number of eigenvalues into an essential spectral 
gap. As a special case we recover and generalize the Gesztesy— Unal criterion 
(which works below the spectrum and contains classical criteria by Kneser, 
Hartman, Hille, and Weber) and the well-known results by Rofe-Beketov in- 
cluding the extensions by Schmidt. 



1. Introduction 

In this article we want to use relative oscillation theory and apply it to obtain 
criteria for when an edge of an essential spectral gap is an accumulation point of 
eigenvalues for Sturm-Liouville operators 

(1.1) t = ( -^p-r- + q J , on (a,b). 

\ ax ax J 

Without loss of generality we will assume that a £ 1 is a regular endpoint and 
that b is limit point. Furthermore, we always assume the usual local integrability 
assumptions on the coefficients (see Section [5]) . 

We will assume that Hq is a given background operator associated with tq = 
(~~ct-P°lx (think e.g. of a periodic operator) and that E is a boundary point 

of the essential spectrum of Hq (which is not an accumulation point of eigenvalues). 
Then we want to know when a perturbation n = (— -j^Pi-jj^ + <7i) gives rise to an 
infinite number of eigenvalues accumulating at E. By relative oscillation theory, 
this question reduces to the question of when a given operator T\ — E is relatively 
oscillatory with respect to r — E (cf. Section [3]) . 

In the simplest case tq — E = 0, Kneser [TO] showed that the borderline 

case is given by (p\ = po = 1) 

(1.2) 9i(x) = 4, 

x z 

where the critical constant is given by pt c = —4. That is, for fi < [i c the perturbation 
is oscillatory and for /i > fi c it is nonoscillatory. In fact, later on Hartman [Si, Hille 
[6], and Weber [22] gave a whole scale of criteria addressing the case fj, = fi c - 
Recently this result was further generalized by Gesztesy and Unal [3] , who showed 
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that for Sturm-Liouville operators (with p\ = po) the borderline case for to — E, 
E = inf a(Ho), is given by 

(!-3) qi(x) = qo{x) H p-r — — 7-^2 . 

where the critical constant is again [i c = —j. Here uq is a minimal (also principal) 
positive solution of tqu = and vq is a second linearly independent solution with 
Wronskian W(uq,vq) = 1. Since for po = 1, go = we have Uo = 1 and «o = 
this result contains Kneser's result as a special case. Moreover, they also provided 
a scale of criteria for the case \i = \i c . 

While Kneser's result is classical, the analogous question for a periodic back- 
ground go (and po = 1) was answered much later by Rofe-Beketov in a series of 
papers [I3j-[17j in which he eventually showed that the borderline case is again 
given by 

(1.4) «i(a:) = gb(a0 + 4' 

where the critical constant [i c can be expressed in terms of the Floquet discriminant. 
His result was recently extended by Schmidt [5U] to the case p^ = p\ 7^ 1 and 
Schmidt also provided the second term in the case // = [x c . 

These results raised the question for us, if there is a generalization of the Gesztesy- 
Unal result which holds inside any essential spectral gap (and not just the lowest). 
Clearly (| 1 . 3[) makes no sense, since above the lowest edge of the essential spectrum, 
all solutions of t$u — Eu have an infinite number of zeros. However, in the periodic 
background case, as in the constant background case, there is one solution uq which 
is bounded and a second solution vq which grows like x. Hence, at least formally, 
the Gesztesy-Unal result explains why the borderline case is given by (|1.4p . How- 
ever, their proof has positivity of Hq — E as the main ingredient and thus cannot 
be generalized to the case above the infimum of the spectrum. 

In summary, there are two natural open problems which we want to address 
in this paper: First of all, the whole scale of oscillation criteria inside essential 
spectral gaps for critically perturbed periodic operators. Secondly, what is the 
analog of the Gesztesy-Unal result (|1.3p inside essential spectral gaps? Based on 
the original ideas of Rofe-Beketov and the extensions by Schmidt, we will provide a 
streamlined approach to the subject which will recover and at the same time extend 
all previously mentioned results. For example, we will derive an averaged version 
of the Gesztesy-Unal result (including the whole scale) which, to the best of our 
knowledge, is new even in the case originally considered by Kneser. 

Concerning the Gesztesy-Unal result we show that if Uo, vq are two linearly 
independent solutions of To it = Eu with Wronskian W(uo,vq) = 1 such that there 
are functions a(x) > and (3(x) satisfying uq(x) = 0(a{x)) and vq(x) — 
P(x)uo(x) = 0{a(x)) as x — > 00. Then (po = Pi) 

M /3'(z) 



(1.5) gi (x) = q (x) + 



a(x) 2 f3(x) 2 



is relatively oscillatory if limsup^^^ j f* +i uo(t) 2 a(t) 2 dt < —j and relatively 



nonoscillatory if liminf 2; _ >00 j ff uo(t) 2 a(t) 2 dt>—j. By virtue of d'Alembert's 
formula, this reduces to (|1.3|> for E at the bottom of the spectrum, where we can 



set a = u and /? = ^ = J p 1 u Q 2 
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We will also be able to include the case po ^ p\ with no additional effort and we 
will provide a full scale of criteria in all cases. 

2. Main results 

In this section we will summarize our main results. We will go from the simplest 
to the most general case rather than the other way round for two reasons: First 
of all, in our proofs, which will be given in Section [4j we will also advance in this 
direction and show how the general case follows from the special one. In particular, 
this approach will allow for much simpler proofs. Secondly, several of the special 
cases can be proven under somewhat weaker assumptions. 

We will consider Sturm-Liouville operators on L 2 ((a, 6),r dx) with — oo < a < 
b < oo of the form 

(2.1) T=~ (-—p—+q), 

r \ dx dx / 

where the coefficients p, q, r are real- valued satisfying 

(2.2) p-\q } reLl c {a,b), p,r > 0. 

We will use r to describe the formal differentiation expression and H for the oper- 
ator given by r with separated boundary conditions at a and/or b. 

If a (resp. b) is finite and q,p~ l ,r are in addition integrable near a (resp. b), we 
will say a (resp. b) is a regular endpoint. 

Our objective is to compare two Sturm-Liouville operators tq and t\ given by 

Throughout this paper we will abbreviate 

(n a\ a 1 1 Pi- Pa a 

(2.4) Ap = = , Ag = qi-g - 

Po Pi PiPo 

Moreover, without loss of generality we will assume that for both operators net 
is a regular endpoint and that b is limit point (i.e., (r — z)u has at most one L 2 
solution near b). 

We begin with the case where E is the infimum of the spectrum of Hq. Suppose 
that (to — E)u = has a positive solution and let uq be the corresponding minimal 
(principal) positive solution of (tq — E)uq — near 6, that is, 

r6 dt 



Po (t)u (t) 2 

By d'Alembert's formula there is a second linearly independent solution 

dt 



(2.5) v (x) = uq(x) 



p {t)u (t) 
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satisfying W(uq,Vo) = 1. 

Recall that t\ — E is called nonoscillatory if one solutions of (n — E)u has a 
finite number of zeros in (a, 6). By Sturm's comparison theorem, this is then the 
case for all (nontrivial) solutions. 

Theorem 2.1. Suppose tq — E has a positive solution and let uq be a minimal 
positive solution. Define Vq by d'Alembert's formula \2. 5|) and suppose 



(2.6) lim pqvq pou' Ap — limpoAp = 0. 

x — >b x — >b 
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Then t\ — E is oscillatory if 

(2.7) limsupp «o("oA(7 + (p a u' ) 2 Ap) < -\ 



4 



and nonos dilatory if 

(2.8) liminf p v%(u 2 Aq + {p u' ) 2 Ap) > --. 

x— *b 4 

Remark 2.2. (i). If uq is a positive solution which is not minimal near b, that is 
J b Po(t)~ 1 uo(t)~ 2 dt < oo, then 

: b dt 

V {x) = Uq(x) 



x Po(t)u (t) 2 

is a minimal positive solution. 

(ii). Clearly, the requirement that tq — E has a positive solution can be weakened 
to To — E being nonoscillatory. In fact, after increasing a beyond the last zero of 
some solution, we can reduce the nonoscillatory case to the positive one. 

(Hi). Note that the coefficient r does not enter since we have chosen it to be the 
same for To and T\ . 

The special case Ap = is the Gesztesy-Unal oscillation criterion [3] . It is not hard 
to see (cf. Section [5]), that it can be used to give a simple proof of Rofe-Beketov's 
result at the infimum of the essential spectrum (another simple proof for this case 
was given by Schmidt in |19j , which also contains nice applications to the spectrum 
of radially periodic Schrodinger operators in the plane). Moreover, it is only the 
first one in a whole scale of oscillation criteria. To get the remaining ones, we start 
by demonstrating that Kneser's classical result together with all its generalizations 
follows as a special case. 

To see this, we recall the iterated logarithm log„(a;) which is defined recursively 
via 

logo (^) = x > logJz) = !og(log„_i(a:)). 
Here we use the convention log(x) = log |x| for negative values of x. Then log„(x) 
will be continuous for x > e„_i and positive for x > e n , where e_i = — oo and 
c„ = e 6 "- 1 . Abbreviate further 

^ n 1 n ^ 1 

Lnix) = ioz^y = n><*>. <w») = -i g l~w 

Here and in what follows the usual convention that X^=o = is used, that is, 
Qo(x) = 0. 

Corollary 2.3. Fix some n £ No and (a, b) = (c n ,oo). Let 

Po(x) = 1, qo(x) = Q n (x). 

and suppose 

(2.9) pi (a.) = l + o( T ? n ). 
Then t\ is oscillatory if 

(2.10) limsup J L„(a;) 2 ( Aq(x) + ^Ap{x)) < -- 
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and nonoscillatory if 

(2.11) liminf L n {xf ( Aq(x) + ^Ap(x)) > 



Ax 2 J 4 

where 5 n = for n = and 8 n = 1 /or n > 1 . 

Proof. Observe 



tto(x) = y/L n -i(x), v (x) = u a (x)log n (x) = ^\og n {x)L n (x) 
(where we set L-\{x) = 1) and check 



j=i j 7 j=i j fe=i 



sing ^4 = S"=i ^ Tnen 



(i 11—1 2 
Ag(x) + -(^— -) Ap(a 



□ 



where 2™ =Q = for n = and 2™ =0 X^y = x 1 + °( x 1 ) f° r n - 1 - 

The special case n = and Ap = is Kneser's classical result [TO]. The extension 
to n € No and Ap = is due to Weber [22], p. 53-62, and was later rediscovered by 
Hartman [5] and Hille [6]. 

In fact, there is an analogous scale of oscillation criteria which contains Theo- 
rem Ej] as the first one n = 0: 



Theorem 2.4. Fix n € Nq. Suppose tq — E has a positive solution and let uq be a 
minimal positive solution. Define vq by d'Alembert's formula \2. 5\) and suppose 



Po v p u Ap = o( j, Po A P = o(- 



' L n (v Q /u ) 2 '' '' ' K L n (v /u ) 2r 
Then T\ — E is oscillatory if 

(2.12) limsupi„(^) 2 ( Po u 2 (u 2 Aq + (p u' ) 2 Ap) - Q n ( — )) <-\ 
and nonoscillatory if 

(2.13) liminf L„(^) 2 f Po u 2 (u 2 Ao + (p <) 2 Ap) - Q n ( — )) > -~. 

*b Mo V Uo/4 

The special case Ap = is again due to [4 . The special case r = — gives 
again Corollary 12.31 however, under the (for n > 0) somewhat stronger condition 
lim-r^oo x~ 2 L n (x) 2 Ap(x) = 0. 

Moreover, there is even a version which takes averaged (rather than pointwise) 
deviations from the borderline case: 

Theorem 2.5. Suppose tq — E has a positive solution on (a, oo) and let uq be a 
minimal positive solution. Define Vq by d'Alembert's formula \2. 5\) and suppose 

p v 2 (ulAq + (p u' ) 2 Ap) = 0(1), lim p v p u' Q Ap = lim p Ap = 0, 

x — >oo x-^oo 

and p — (poUqVq) -1 satisfies p = o(l) and j J Q \p(x + t) — p(x)\ dt = o(p(x)). 
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Then n — E is oscillatory if 

(2.14) limsup - f p (t)vl(t) (u (t) 2 Aq{t) + (p (t)u' (t)) 2 Ap{t)) dt < -- 
and nonos dilatory if 

(2.15) Uminf jj + Po(t)v 2 (t) (u (t) 2 Aq(t) + ( Po (t)u' (t)) 2 Ap(t)) dt > ~. 
Again we have 

Corollary 2.6. Fix some n € No and (a,b) = (e„,oo). Let 

Po(x) = 1, q (x) = Q n (x) 

and suppose 

( 1 \ n = 0, 

gi (x) = Q n (x) +0{ j j t x \2 )' Pi( x ) = 1 



n> 1. 



Then T\ is oscillatory if 

r x+e 



(2.16) inf limsupi /" i„(() 2 (a<,(4) + ^Ap(t)") <i( < -i 
and nonos dilatory if 

(2.17) sup liminf - / L„(i) 2 Ao(i) + -j£Ap(t) A > -7, 
where S n = /or n = and 5 n = 1 for n > 1 . 

To the best of our knowledge this result is new even in the special case n = 0, in 
which we have that rj with qi = 0(x~ 2 ) and pi = 1 + o(l) is oscillatory if 



1 1 

(2.18) inf limsup- / t 2 qi (t)dt < -- 
e>o £ J x 4 

and nonoscillatory if 

1 f x+e 1 

(2.19) sup liminf- / t 2 qi (t)dt>-- 

£>0 x ^°° t J x 4 



There is also a scale of criteria given in Theorem 14.81 which contains Theorem 12.51 
as the special case n = 0. Note that the criterion is similar in spirit to the Hillc 
Wintner criterion (see e.g., [3T]) which states that n, with q x integrable, is oscilla- 
tory if 

,00 1 

(2.20) limsupz / q 1 (t)dt < 

x~^oo J x 4 

and nonoscillatory if 

,00 j 

(2.21) liminf a; / qUt)dt > — . 

x^oo J x 4 

Result similar in spirit which are applicable at the bottom of the essential spectrum 
of periodic operators were given by Khrabustovskii (7), [Sj. 

Our next aim is to extend these result to the case where we are not necessarily at 
the infimum of the spectrum of Ho- We will again assume that there is a minimal 
solution mo (i.e., one solution with minimal growth) such that all other solutions are 
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of the form vq = vq + /3uq, where vq grows like uq and f3 is some positive or negative 
function, which measures how much faster vq grows on average with respect to uq. 
For example, in the case of periodic operators we will have that uq (and hence vq) 
is bounded and f3{x) = ±x (the sign depending on whether we are at a lower or 
upper edge of the spectral band). Moreover, since expressions like liminf pqUqVqAq 
will just be zero if uq (and vq) have zeros, we will average over some interval. To 
avoid problems at finite end points we will choose b — oo from now on. 
But first of all we will state our growth condition more precisely: 

Definition 2.7. A boundary point E of the essential spectrum of Hq will be called 
admissible if there is a minimal solution uq of (to — E)uq = and a second linearly 
independent solution vq with W(uq,vq) — 1 such that 

uo ,)=o(a), W-zjfrU^ 

Pou'oJ \PoVqJ XPou'oJ 

for some weight functions a > 0, (3 ^ 0, where [3 is absolutely continuous such that 
p = 4- > satisfies p(x) = o(l) and j J Q \p(x + t) — p(x) \ dt — o(p(x)). 

Clearly, two solutions as in Definition 1 2 . 71 can always be found if one chooses a to 
grow faster than any solution. However, such a choice will only produce nonoscilla- 
tory perturbations! Hence, in order to get finite critical coupling constants below, 
the right choice for a and [3 will be crucial. Roughly speaking a needs to chosen 

such that j J^ +i w °^2 dt remains bounded from above and below by some positive 
constants as x — > oo. Moreover, it turns out that the sign of (3 will depend on 
whether E is a lower or upper boundary of the essential spectrum (i.e., if the es- 
sential spectral gap starts below or above E). This is related to our requirement 
W(u ,v ) = 1. 

Note that a second linearly independent solution vq with W(uo,vq) = 1 can be 
obtained by Rofe-Beketov's formula 

M M [ x (qoW+Pojt)- 1 -Er{t)){Mt? - (PoftKft)) 2 ) 
p Q (x)u' Q (x) 



u Q (x) 2 + (j>o{x)u' (x)) 2 

(the case po ^ 1 is due to [20]). In fact, this formula can be used to show that these 
assumptions are satisfied for certain almost periodic potentials (see [HI Sect. 6.4]). 

In this case we will need to look at the difference between the zeros of two solu- 
tions Uj, j = 0, 1, of (tj — E)uj — 0. We will call t\ — E is relatively nonoscillatory 
with respect to To — E if the difference between the number of zeros of u\ and 
wo when restricted to (a,c) remains bounded as c — > oo, and relatively oscillatory 
otherwise. Further details and the connection with the spectra will be given in 
Section [31 

Now, we come to our main result. 

Theorem 2.8. Suppose E is an admissible boundary point of the essential spectrum 
of tq, with uq, vq and a, (3 as in Definition \2. 7[ Furthermore, suppose that we have 

(2.22) Aq,Ap = 0{J^). 
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Then n — E is relatively oscillatory with respect to to — E if 

(2.23) inf limsup -J ^ (u (tfAq(t) + (p (tK(i)) 2 Ap(i)) dt < -- 
and relatively nonoscillatory with respect to tq — E if 

(2.24) supliminf - / ^> (u (t) 2 Aq(t) + (p (t)u' (t)) 2 Ap(t)) dt > 



i>o ™ ij x f3'(t) ^ ^uw-w,, -^v,— 4 - 

We remark that the growth conditions from Definition I2.7I on the derivatives Pqu' 
and po^o are n °t needed if Ap = 0. Similarly, the growth conditions on uq and vq 
are not needed if Aq = 0. 

In the case where Aq and Ap have precise asymptotics we have: 

Corollary 2.9. Suppose 

.i^d + „(!)), Ap = ^ 
XTien T\ — E is relatively oscillatory with respect to To — E if 

i r + V w (t) 2 (p (t)u (t)) 2 \ , i 

2.26 inf limsup - / f*- 2 ^ + v I dt < ~7 

and relatively nonoscillatory with respect to tq — E if 

1 r + 7 , „(po(*K(*)) 2> \ ^ 1 



(2.25) A5 = M -^(1 + (1)), Ap = 1 /-^(l + o(l)). 



£>0 



(2.27) supliminf 7 / ( ^ + — )dt>-- 



Clearly the precise asymptotic requirement can be removed by a simple Sturm-type 
comparison argument (see Lemma 13.31 below) . 

In the special case where po, qo, and r are periodic functions, one has a{x) = 1, 
(3(x) = ±x (with the plus sign if E is a lower band edge and the minus sign if E is 
an upper band edge) and can take £ to be the period. 

Then ^ + ^ 

G i = \f Mtfdt, C P = jf (Po(tK(t)fdt, 
are constants and (j2.26|) respectively ()2.27|) just read 



flC q + fCp 



S-i- 



4 

In the special case po — p\ — 1 we recover Rofe-Beketov's well-known result |15j- 
[17] since one can show (see Section [B]) 

_ 1^(^)1 

for r(x) = 1, where D is the Floquet discriminant. In the special case Ap = we 
recover the recent extension by Schmidt |20j . 

If Po, Qa are almost periodic and there exists an almost periodic solution at the 
band edge E, then E is an admissible band edge (a(x) = 1, 0(x) — ±x) after 
Lemma 6.5 in (18) . By taking I — > 00 in our formulas we recover the oscillation 
criteria by Rofe-Beketov ([THl Thm. 6.12]). In [TB], it is furthermore shown that 
if the spectrum of the operator Hq has a band-structure, obeying some growth 
condition, then there exist almost periodic solutions at the band edge and a formula 
for the critical coupling constant in terms of the band edges is provided. 

Clearly, as before we can get a whole scale of criteria: 
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Theorem 2.10. Fix n G No- Suppose E is an admissible boundary point of the 
essential spectrum of to, with uo, vo and a, [3 as in Definition \2.7\ Furthermore, 
suppose that we have lirn^oo (3{x) = oo and 

(2.28) *q,Ap = 0(jL). 
Abbreviate 

(2.29) Q=^(u 2 Aq+(p u' ) 2 Ap). 

Then n — E is relatively oscillatory with respect to to — E at b if 

(2.30) inf limsup J* + " P(t) 2 Q(t)dt - (3{xf Q n {[3{x))\ < -\ 
and relatively nonoscillatory with respect to To — E at b if 

(2.31) supliminf L "^ ( f 2 ))2 () f + ' p(t) 2 Q(t)dt - f3(x) 2 Q n (f3(x))) > -- 

As a consequence we get: 
Corollary 2.11. Let r be periodic on (a, oo) with r(x) = 1 and let n e N . Define 

I 2 



\D\'(E)- 
and suppose 



(2.32) qi=qo + Vc[Qn + -^)+o\ y jjJ, Pi=Po+o( L2 j- 
Then T\ — E is relatively oscillatory with respect to To — E if 

(2.33) M < -i 

anrf relatively nonoscillatory with respect to To ~ E if 

(2.34) /x > -i 

Again the special case n = 1 and Ap = is due to [20]. The assumption r(x) = 1 
can be dropped, but then /i c can no longer be expressed in terms of the derivative of 
the Floquet discriminant (alternatively one could also choose a(x) = r{x)^ 1 ^ 2 ). A 
non-oscillation result similar in spirit to the Hillc-Wintner result mentioned earlier 
was given by Khrabustovskii [9] . 

3. Relative Oscillation Theory in a Nutshell 

The purpose of this section is to provide some further details on relative oscilla- 
tion theory and to show how the question of relative (non)oscillation is related to 
finiteness of the number of eigenvalues in essential spectral gaps. We refer to [11] 
and [12] for further results, proofs, and historical remarks. 

Our main object will be the (modified) Wronskian 

(3.1) W x (u ,ui) = u (x) pi(x)u[(x) - p (x)u' (x) u-l(x) 

of two functions uq, u\ and its zeros. Here we think of uo and u\ as two solutions 
of two different Sturm-Liouville equations TjUj — Euj of the type l|2.3p . 
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Under these assumptions W x (uq,ui) is absolutely continuous and satisfies 

(3.2) W' x {u Q ,u\) = (qi - g )uoui + ( — ) Pou' Pi u 'i- 

\Po Pi J 

Next we recall the definition of Priifer variables p u , 8 U of an absolutely continuous 
function u: 

(3.3) u(x) = p u (x) sm(6 u (x)), p(x)u'(x) = p u (x) cos(9 u (x)). 

If (u(x) , p(x)u' (x)) is never (0,0) and u,pu' are absolutely continuous, then p u is 
positive and 6 U is uniquely determined once a value of 6 u (xo) is chosen by requiring 
continuity of 6 U . 
Notice that 

(3.4) W x (u,v) = -p u (x)p v (x)sm(A VtU (x)), A„ )U (a;) = 6 v (x) - u (x). 

Hence the Wronskian vanishes if and only if the two Priifer angles differ by a 
multiple of tt. We take two solutions Uj, j = 0,1, of TjUj — XjUj and associated 
Priifer variables pj, 9j. We will call the total difference 

(3.5) #(c,d)(«o, «i) = \&i,o(d)M - LAi,o(c)/7rJ - 1 

the number of weighted sign flips in (c, d), where we have written Ai^(x) = A UliUo 
for brevity. 

One can interpret #r c ,d){ u 0i Ui) as the weighted sign flips of the Wronskian 
W x (uo, Mi), where a sign flip is counted as +1 if qo — q\ and pq —p\ are positive in a 
neighborhood of the sign flip, it is counted as — 1 if qo — q\ and po — pi are negative 
in a neighborhood of the sign flip. In the case where the differences vanish or are 
of opposite sign are more subtle [HI [12] . 

After these preparations we are now ready for 

Definition 3.1. For To, t\ possibly singular Sturm-Liouville operators as in h2.S\) 
on (a, b), we define 

(3.6) #(u ,ui) = liminf #r c ,d)(uo,Ui) and #(u ,Ui) = limsup#f cd )(uo,ui), 

where TjUj = ^jUj, j = 0, 1. 

We say that #(uo,Ui) exists, if =tf=(uQ,ui) = =f/=(uo,ui), and write 

(3.7) #(?i , ui) = #(wo, ui) = #(u ,ui). 
in this case. 

One can show that #(ito, ui) exists if po — p\ and qo — Xor — q\ + Air have the same 
definite sign near the endpoints a and b. 

We recall that in classical oscillation theory r is called oscillatory if a solution 
of tu = has infinitely many zeros. 

Definition 3.2. We call t\ relatively nonos dilatory with respect to To, if the quan- 
tities #(mo,ui) and #(uo,ui) are finite for all solutions TjUj = 0, j = 0,1. We 
call n relatively oscillatory with respect to To, if one of the quantities #(ito,ui) or 
#(uo, ui) is infinite for some solutions TjUj = 0, j = 0, 1. 

It turns out that this definition is in fact independent of the solutions chosen. 
Moreover, since a Sturm-type comparison theorem holds for relative oscillation 
theory, we have 
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Lemma 3.3. If n is relatively oscillatory with respect to To for p\ < po, gi < qo 
then the same is true for any T2 with p2 < pi, q2 < <7i ■ Similarly, if t\ is relatively 
nonoscillatory with respect to tq for pi < po, qi < go then the same is true for any 
t 2 with pi <p 2 < Po, qi < 92 < qo- 

The connection between this definition and the spectrum is given by: 

Theorem 3.4. Let Hj be self-adjoint operators associated with Tj, j = 0, 1. Then 

(i) To — Ao is relatively nonoscillatory with respect to tq — X± if and only if 
dimRanP (Ao:Al )(i/ ) < oo. 

(ii) Suppose dimRanP^^^i/o) < oo and t\ — A is relatively nonoscillatory 
with respect to To — A for one A € [Ao, Ai]. Then it is relatively nonoscilla- 
tory for all A € [Ao,Ai] if and only i/dimRanP( Ao Al )(_£/i) < oo. 

For a practical application of this theorem one needs criteria when t\ — A is relatively 
nonoscillatory with respect to To — A for A inside an essential spectral gap. 

Lemma 3.5. Let Ho be bounded from below. Suppose a is regular (b singular) and 

(i) lim^^f, r{x)~ l (qo(%) — qi(x)) = 0, ^ is bounded near b, and 

(ii) lim x ^, b p 1 (x)p (xy 1 = 1. 

Then o~ ess (Ho) = o~ ess (Hi) and t\ — A is relatively nonoscillatory with respect to 
tq - A for every A G M\a ess (H ). 

The analogous result holds for a singular and b regular. 

4. Effective Prufer angles and relative oscillation criteria 

As in the previous section, we will consider two Sturm-Liouville operators tj, 
j = 0, 1, and corresponding self-adjoint operators Hj, j = 0,1. Now we want to 
answer the question, when a boundary point E of the essential spectrum of Ho is an 
accumulation point of eigenvalues of H\ . By Theorem 13.41 we need to investigate if 
ti — E is relatively oscillatory with respect to to — E or not, that is, if the difference 
of Prufer angels A^o = Q\ — is bounded or not. 

Hence the first step is to derive an ordinary differential equation for A^o- While 
this can easily be done, the result turns out to be not very effective for our pur- 
pose. However, since the number of weighted sign flips #( c ,d) (ii , «i) is all we are 
eventually interested in, any other Prufer angle which gives the same result will be 
as good: 

Definition 4.1. We will call a continuous function -0 a Prufer angle for the Wron- 
skian W{uo,ui), if #(<,,«*) (uq, ui) = \ip(d)/n] - [rp(c)/ir\ - 1 for any c,d€ (a,b). 

Hence we will try to find a more effective Prufer angle ip than Ai^ for the 
Wronskian of two solutions. The right choice was found by Rofe-Beketov [T4]-[r?] 
(see also the recent monograph |18)h 

Let wo, vq be two linearly independent solutions of (tq — X)u = with W(uq, vq) = 
1 and let u\ be a solution of (ti — X)u = 0. Define "0 y i a 

(4.1) W(u ,ui) = -Rsm(tp), W(v q ,u 1 ) = -Rcos(i/j). 

Since W(uo,Ui) and W(vq,ui) cannot vanish simultaneously, ip is a well-defined 
absolutely continuous function, once one value at some point xq is fixed. 

Lemma 4.2. The function ip defined in J^._?[ ) is a Prufer angle for the Wronskian 
W(u , Ml). 
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Proof. Since W(uo,ui) = —Rsin(ip) — — /j„ p Ul sin(Ai j o) it suffices to show that 
ip = Ai,o mod 2ir at each zero of the Wronskian. Since we can assume 8 Vo — 
Ua E (0,tt) (by W(uq,vq) = 1), this follows by comparing signs of i?cos(V>) = 
PvoPui sin($ Wl 9 VQ 

Lemma 4.3. Let uq, vq be two linearly independent solutions of (to — X)u = with 
W(uq, Vq) — 1 and let u\ be a solution of (t± — X)u = 0. 

Then the Priifer angle ip for the Wronskian W(uq, u\) defined in obeys the 

differential equation 

(4.2) ip' = -Aq(u cos(V') - v Q sin(V>)) 2 - Ap(p u' cos(t/>) - Pov' sin(-0)) 2 , 
where 

1 1 

Ap = , Aq = q 1 -q . 

Po Pi 

Proof. Observe Rip' = - W(u , m)' cos(^) + W(v , Ui)' sin(^>) and use ([3~2J) . ifCIjl 
to evaluate the right hand side. □ 



( 4 - 3 ) I „ .., I ~ I „ „,/ „ ../ 



Remark 4.4. Special cases of the phase equation /tawe 6een ttsed in the 

physics literature before (TJJ, Moreover, tp was originally not interpreted as 

Priifer angle for Wronskians, but defined via 

\Pi u 'i) \Po v o Pou'o) \ i?cos(-0) 
Augmenting the definition 

f uq ui \ _ / v u \ A) -Rsin(ipy 
\Pou' Pi u 'i) \Po v 'o Pou'q) \1 Rcos(i/j) 

and taking determinants shows W(uq, u±) — — i?sin(-0). Similarly we obtain W(vq, Ui) 
—Rcos(ip) and hence this definition is equivalent to OTTD. 



In the case po = pi equation (|4.2[) can be interpreted as the Priifer equation of 
an associated Sturm-Liouville equation with coefficients given rather implicitly by 
means of a Liouville-type transformation of the independent variable. Hence a 
standard oscillation criterion of Hille and Wintner [5TJ Thm 2.12] can be used. 
This is the original strategy by Rofe-Beketov (see [18j Sect. 6.3]). 

In fact, using the transformation r\ = tan(^) it is straightforward to check that 
tp satisfies (14.21) if -q satisfies the Riccati equation 

(4.4) rf = -Aq(u - v r]) 2 - Ap(p u' - p Q v' r)) 2 . 

Hence we obtain 

Lemma 4.5. Suppose Ap — and Aq > 0. Then t\ is relatively (non) oscillatory 
with respect to t$ if and only if the Sturm-Liouville equation associated with 

p _1 = AquQexp(2 J AquQVo) > 0, q = — Aqu^ exp(— 2 J Aqu^vo) < 

is (non) oscillatory. 

Proof. Making another transformation <p = cxp(— 2 J Aqv,QVo)ri we can eliminate 
the linear term to obtain the Riccati equation 

^' = q--cb 2 
P 
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for the logarithmic derivative 4> — — of solutions of the above Sturm-Liouville 
equation. □ 

Clearly, an analogous result holds for the case where Aq = and Ap > 0. 

Since most oscillation criteria are for the case p = 1, a Liouville-type transfor- 
mation is required before they can be applied. Nevertheless, in order to handle the 
general case Ag ^ and Ap ^ we will use a more direct approach. 

Even though equation 1)4. 2ft is rather compact, it is still not well suited for a direct 
analysis, since in general uo and vq will have different growth behaviour (e.g., for 
t q = we have uq(x) — 1 and vq(x) = x at the boundary of the spectrum). In 

order to fix this problem Schmidt [20] proposed to use yet another Prufer angle tp 
given by the Kepler transformation 

(4.5) cot(^) = 0i cotfa) + 02, 

where 0i ^ and 0% are arbitrary absolutely continuous functions. It is straight- 
forward to check that there is a unique choice for ip such that it is again absolutely 
continuous and satisfies 1 — 1 = I — I : 
(4.6) 

j sgn(/3i)mr, ip = mr, 

I sgn(/3i)n7r + arccot(/3 1 (cot(r/0 — fa)), ip € (mr, (n + 1)tt) 7 

where the branch of arccot is chosen to have values in (0, it). The differential 
equation for ip reads as follows: 

Lemma 4.6. Let Uq, Vq be two linearly independent solutions of (tq — X)u = with 
W(uq,vq) — 1 and let u\ be a solution of (r\ — X)u = 0. Moreover, let p\ and 
fa be arbitrary absolutely continuous functions. 

Then sgn(p\)(/3, with p defined in |^.6'[ ), is a Prufer angle p for the Wronskian 
W(uo,ui) and obeys the differential equation 

ip' =-± S m{p) cos(p) + sin 2 (<p) 
pi pi 

(4.7) - ^ (p\M cos(y>) - (v - fau Q )sm(p)) 2 

Pi 

~ -tt(0iPo u o cos(ip) - (p v' Q - fap Q u' ) sin((p)) 2 . 
Pi 

Proof. Rewrite (|4.2p as 

sin ^2 = -Ag(u cot(^) - w )) 2 - Ap(p u cot(</>) -p v' )) 2 . 
On the other hand one computes 

-^na = -mwo)' = - (a cotfoo + #0' = ft^ni - # cot (^) - # 

sux(ip) sm(<^) z 
and solving for p' gives (|4.7p . □ 
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We will mainly be interested in the special case (3\ = 82 = /?, where 

& 

(4.8) if' =Z- (sin 2 (<^) + sin(^) cos(<^)) 

1 2 

- 8 Aq(u Q cos(ip) - - (v - f3u ) sin(y>)) 

1 2 

- /3Ap(p u cos(^) - ^(Po^o - 8 Pou'o) sm{<p)) . 

Note that if 8 < then not yj, but — ^ is a Priifer angle. However, this choice will 
avoid case distinctions later on. 

Now we turn to applications of this result. As a warm up we will treat the case 
where E is the infimum of the spectrum of Hq and prove Theorem 12. 11 



Proof of Theorem \2.1\ Since t^—E is nonoscillatory, t\—E is relatively (non) oscillatory 
with respect to r — E if and only if T\ — E is (non) oscillatory. 

Set B = ^ = fp^u^dt and p = €■ = — - — . Now observe that (l4~8l) reads 

' u J ' V l) r p p v. v 1 ' 

tp' =p(sin 2 ((/j) + sin(<p) cos(yj) — pov 2 u 2 Aq cos 2 (ip) 
- Pov 2 Ap(p u' cos(ip) - — sm{<p)) 2 ) 

=P ( sm2 (<^) + sm(<p) cos(p) - p v 2 (ulAq + (p u' ) 2 Ap) cos 2 (^)) + o(p), 

where we have used ()2.6j) in the second step. Now use Corollary 15.21 which is 
applicable since p > and J b p(x)dx — J b 13 = lim^^ lag(f3(x)) — oo. □ 

Now note that Corollary 12.31 in turn gives us an criterion when the differential 
equation for our Priifer angle has bounded solutions: 

Lemma 4.7. Fix some n € No, let Q be a locally integrable on (a,b) and suppose 
(3 ;=s is absolutely continuous with p = 4- > locally bounded and lim x ^b 1/3(^)1 = 
oo . Then all solutions of the differential equation 

oB 2 

(4.9) <pf = P (sin%) + fdnfoO cos(^) - B 2 Q cos 2 (^)) + 

tend to oo if 

limsup L n (B(x)) 2 {Q(x) - Q n (8(x))) < -\ 
and are bounded above if 

hminf L n (B{x)) 2 (Q(x) ~ Q n {B(x))) > -~. 

x-^b 4 

In the last case all solutions are bounded under the additional assumption Q — 
Q n (B)+0(L n (B)- 2 ). 



Proof. The case n = is Lemma 15.11 and hence we can assume n > 1 . By a change 
of coordinates y = B(x) we can reduce the claim to the case B{x) = x (and b = oo). 
Now we start by showing that 

\ f / Ax 2 \ I B \ \ 

j =-([!- j-^) sin 2 M + M<P) - x 2 {Q n + iz - RI ) cos 2 (^) j 

L„(x)< 



EFFECTIVE PRUFER ANGLES 



15 



has only bounded solutions if A + B > — 1 and only unbounded solutions (tending 
to oo) if A + B < — 1. Since the error term o(xL n (x)~ 2 ) can be bounded by 
exL n (x)~ 2 (sin 2 (tp) + cos 2 (p)) it suffices to show this for one equation in this class 
by an easy sub/super-solution argument: If A + B < — 1, then any solution of 
one equation with slightly smaller A and B is a sub-solution and hence forces the 
solution to go to oo. Similarly, If A + B > — 1, then any solution of one equation 
with slightly smaller A and B is a sub-solution and any solution of one equation 
with slightly larger A and B is a super-solution, which together bound the solutions. 

To see the claim for one equation in this class note that unboundedness (bounded- 
ness) of solutions is equivalent to t\ = —d 2 /dx 2 + Q being relatively (non)oscillatory 
with respect to To = —d 2 /dx 2 . Hence it suffices to choose j3i = x(l + Ax 2 L~ 2 ), 
(3 2 = x and Q = Q n + (A + B)/(4L 2 t ) in gj]) and invoke Corollary El 

Finally, the claim from the lemma follows from this result together with another 
sub/super-solution argument. □ 

The special cases n = 0, 1 are essentially due to Schmidt ([201 Prop. 3 and 4]). 
With this result, we can now prove Theorem 12.41 



Proof of Theorem\K^ Set [3 = ^ = / p~ l u a 2 dt and Q = Po ul(ulAq+(p u' Q ) 2 Ap). 
As in the proof of Theorem 12. 1[ (14. 8|) reads 



f' = p (sin (<p) + sm((p) cos(ip) — [3 2 Q cos 2 (^)) + o( 



Ln{P) 2 ' 

and invoking Lemma 14.71 finishes the proof (note that tp and hence also tp is always 
bounded from below, since To is nonoscillatory) . □ 

One might expect that this theorem remains valid if the conditions are not satisfied 
pointwise but in some average sense. This is indeed true and can be shown by 
taking averages in the differential equation for the Priifer angle. Such an averaging 
procedure was first used by Schmidt [19] and further extended in [20] . 

Theorem 4.8. Suppose tq — E has a positive solution and let uq be a minimal 

positive solution. Define Vq by dAlembert's formula \2. <5j) and abbreviate 

(4.10) 

Q{x) = po(x)u 2 (x) (u (x) 2 Aq(x) + ( Po (x)u' (x)) 2 Ap(x)) , [3{x) = 
Suppose 

(3 2 Q = 0{1), PoVoPoU ' Q Ap = o( 1 ^), PQ Ap = o(^), 



and p = (poUqVq) 1 satisfies p — o(l) and J<5.7| ). 
Then T\ — E is oscillatory if 



(4.11) inflimsup L "^ 2 ))2 (\ f + 0(t) 2 Q(t)dt - (3(x) 2 Q n ((3(x))) < - ' 



Sb— P{ X ? uj x -W-^u™, ^ 4 



and nonoscillatory if 

(4.12) suphminf [-, f^' f3(t) 2 Q(t)dt ^ P(x) 2 Q n (f3(x))) > -- 
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Proof. Derive the differential equation for ip as in the proof of Theorem 12.11 and 
then take averages using Corollary 15.41 Observe that the error term is preserved 



by monotonicity of L and (|5.7[) . □ 
Now we turn to the case above the infimum of the essential spectrum. 
Proof of Theorem \2.1(A Observe that (|4.8|) reads 

0' f P0 2 \ 

V>' = j (sin 2 ((y3) + sinfoO cos(v?) - 2 Q cos 2 (^)) + "(^^p J " 

Average over a length I using Corollary 15.41 and observe that the error term is 
preserved by monotonicity of L ^wp and (|5.7[) . Now apply Lemma 14.71 □ 

Corollary 4.9. Suppose 

(4 - 13) p = 0{ l^W 1 and tj, 9+ (^W) 

for some I > 0. Furthermore, assume 

< 4 -"' a ' = ^(«"«' 3 > + w) + °(»y)- a » = <« 

Then T\ — E is relatively oscillatory with respect to To — E if 

(4.15) M <-± 
and relatively nonoscillatory with respect to tq — E if 

(4.16) M>~- 
Proof. It is sufficient to show that 

i r +e f p{t) 2 0(xf \ Mt) 2 ,, ( 2 {x) 

' ' ' -at = o 



for j — 0, . . . , n. Since itoa -1 is bounded, this follows since by the mean value 
theorem and monotonicity of we have 



sup 

te[x,x+e] 



0(t) 2 0{xf 



„ 0{x) 2 /3(a:) 

^ 2 T <R( w Y, T (R \\ SUP 



finishing the proof (note that 0/Lq(0) = 1 and lim^oo 0/Lk(0) = for fc > 1). □ 

Note that the assumptions hold for periodic operators by choosing I to be the 
period. Furthermore, inspection of the proof shows that if \0\ — > oo, then p = 
o{0 2 L n {0)- 2 ) can be replaced by p = O(0 2 L n {0Y 2 ). 

5. Appendix: Averaging ordinary differential equations 

In Section 3] we have reduced everything to the question if certain ordinary 
differential equation have bounded solutions or not. In this section we collect the 
required results for these ordinary differential equations. The results are mainly 
straightforward generalizations of the corresponding results from |20j . All proofs 
are elementary and we give them for the sake of completeness. 
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Lemma 5.1. Suppose p(x) > (or p(x) < 0) is not integrable near b. Then the 
equation 

(5.1) p' (x) — p(x)^A sin 2 ip(x) + cos (p(x) sin (p(x) + B cos 2 p(x)^j + o(p(x)) 

has only unbounded solutions if AAB > 1 and only bounded solutions if AAB < 1. 
In the unbounded case we have 



p(t)dt. 



(5.2) <p{x) = (^-VMB-= T+ (l)) f 

Proof. By a straightforward computation we have 

o, s / \ / \ o, s A + B Jl + (A- B) 2 . . 
A$nf(tp) + sm((p) cos(ip) + B cos (ip) = — h — — cos(2(ip - ip )). 

for some constant ipo = po(A, B). Hence tp(x) = f{ x ) ~ satisfies 



(5.3) f(x) = p(x) I ^-J^ + V 1 + ( A B ? _ cos ( 2 ^( x )) ) + (p(aj)) 



If 4 AS < 1, we have |A + B\ < y/l + (A- B) 2 from which it follows that the 
right hand side of our differential equation is strictly negative for tp(x) (mod it) 
close to 7r/2 and strictly positive if <p(x) (mod 7r) close to 0. Hence any solution 
remains in such a strip. 

If AAB > 1, we have \A + B\ > y/l + (A - B) 2 and thus the right hand side is 
always positive, ip'(x) > Cp(x), if A, B > and always negative, ip'(x) < —Cp(x), 
if A, B < 0. Since p is not integrable by assumption, ip is unbounded. 

In order to derive the asymptotics, rewrite (|5.3j) as 



yj'(x) = p(x) {^^- cos 2 {^{x)) + sin 2 (V>(x))) + o(p(x)), 

where C = A + B and D = y/l + (A- B) 2 . Now, introduce 



ip(x) = arctan I y |X + ^ tan(^(x))j 

and observe |^/> — $| < it. Moreover, 

- /( ^ = ^) sgn(c + D )^c 2 — D 2 + o(p(x)). 

Hence the claim follows since by assumption AAB > 1, which implies sgn(C + D) = 
sgn(A). □ 

We will also need the case where A = 1 and B depends on x but not necessarily 
converge to a limit as x — > b. However, by a simple sub/super-solution argument 
we obtain from our lemma 

Corollary 5.2. Suppose p{x) > is not integrable near b. Then all solutions of 
the equation 

(5.4) tp' = pi sin 2 (tp) + sin(ip) cos(tp) - B cos 2 (p)\ + o(p) 



tend to oo as x — > b if B(x) < Bq for some Bq with Bq < — j and are bounded 
below if B(x) > Bq for some Bq with Bq > — |. 
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In addition, wc also need to look at averages: Let I > 0, and denote by 

(5.5) g(x) = + 9(t)dt. 

the average of g over an interval of length i. 
Lemma 5.3. Let <p obey the equation 

(5.6) <p'(x) = p(x)f(x) +o(p(x)), x€(a,oo), 
where f(x) is bounded. If 

1 f e 

(5.7) - / \p{x + t)-p{x)\dt = o{p{x)) 



then 

(5.8) Tp'{x)=p(x)J(x) + o{p{x)) 

Moreover, suppose p(x) — o(l). If f(x) — A{x)g{tp{x)), where A[x) is bounded 
and g(x) is bounded and Lipschitz continuous, then 

(5.9) J(x) = A(x)g&)+o(l). 
Proof. To show the first statement observe 

= ^ X + l \-^ = \ [ +l p { t)f { t)dt + o(p(x)) 

= p(x)J(x) + j J X+ (p(t) - p(x))f(t)dt + o(p(x)). 

Now the first claim follows from (|5.7p since / is bounded. Note that (|5.7[) implies 
that the o(p) property is preserved under averaging. 
To see the second, we use 



1 



fix) = - / A(t)g(ip(t))dt 



1 



x+l 



= A{x)g{y{x)) + jj A(t)(g(<p(t)) - g^{x)))dt. 

Since g is Lipschitz we can use the mean value theorem together with 

\ip{x + t)) — Tp{x)\ <C sup p(x + s) 

o<s<e 

to finish the proof. □ 

Condition (|5.7|) is a strong version of saying that p(x) — p(x)(l + o(l)) (it is 
equivalent to the latter if p is monotone) . It will be typically fulfilled if p decreases 
(or increases) polynomially (but not exponentially). For example, the condition 
holds if sup 4e[04] ^ o. 

We have the next result 

Corollary 5.4. Let if obey the equation 

(5.10) ip' = p^As'm 2 (tp) + sin(<p) cos(^) + B cos 2 (ip)^J + o(p) 
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with A, B bounded functions and assume that p = o(l) satisfies |5. 7| j. Then the 
averaged function Tp obeys the equation 

(5.11) Tf> = p^Asm 2 (T3) + sin(^) cos(^) + £?cos 2 (<^)^ +o(p). 

Note that in this case ip is bounded (above/below) if and only if Tp is bounded 
(above/below). Furthermore, note that if A(x) has a limit, A{x) = Ao + o(l), then 
A(x) can be replaced by the limit A . 



6. Appendix: Periodic operators 

We will now suppose that r(x), p{x), and q{x) are ^-periodic functions. The 
purpose of this section is to recall some basic facts from Floquet theory in order 
to compute the critical coupling constant for periodic operators in terms of the 
derivative of the Floquet discriminant. A classical reference with further details is 

Denote by c(z,x), s{z 1 x) a fundamental system of solutions of tu = zu corre- 
sponding to the initial conditions c(z, 0) = p(0)s'(z, 0) = 1, s(z, 0) = p(0)c'(z, 0) = 
0. One then calls 



(6.1) M(z) 



c(z,£) s(z,£) 
p(£)c'(z,£) p{i)s'{z,£) 



the monodromy matrix. Constancy of the Wronskian, W(c(z), s(z)) = 1, implies 
detM(z) = 1 and defining the Floquet discriminant by 

D(z) = ti(M(z)) = c(z,£)+p(£)s'(z,£), 

the eigenvalues p± of M are called Floquet multipliers, 



(6.2) p±(z) = v — , p + {z)p^{z) = 1, 

where the branch of the square root is chosen such that |p + (z)| < 1. In particular, 
there are two solutions 

(6.3) u±(z, x) — c(z, x) + m±(z)s(z, x), 
the Floquet solutions, satisfying 

( 6 - 4 ) ( mSf'J = M*) ( rS^°U = ( \ ^ 

\p{£)u' ± (z,£)J r \p(0)u'±(z,Q)J r \m±{z) 

Here 

(6.5) m ± (z) = — 

are called Weyl m-functions. The Wronskian of u + and u_ is given by 



•J ' D(z) 2 — 4 

(6.6) W(u-(z), u + (zj) = m + (z) — m-(z) — — — -, — . 

s(z, t) 

The functions u±(z,x) are exponentially decaying as x — > ±oo if |p + (z)| < 1, that 
is, > 2, and are bounded if |p+( z )l — 1; that is, |-D(z)| < 2. Note that u+{z) 
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and u-(z) are linearly independent for |-D(^)| 7^ 2. The spectrum of Hq is purely 
absolutely continuous and given by 

00 

(6.7) a(H ) = {\eR\\D{\)\ < 2} = \J[E 2n , E 2n+1 }. 

n=0 

It should be noted that m±(z) (and hence also u±(z,x)) are meromorphic in 
C\a(Ho) with precisely one of them having a simple pole at the zeros of s(z,£) 
if the zero is in M\a(Ho). If the zero is at a band edge E n of the spectrum, both 
m±(z) will have a square root type singularity. 

Lemma 6.1. For any z S C we have 



(6.8) D(z) = -s(z,£) u+(z,t)u-(z,t)r(t)dt, 

Jo 

where the dot denotes a derivative with respect to z. 

Proof. Let u(z,x), v(z,x) be two solutions of tu — zu, which are differentiable 
with respect to z, then integrating ()3.2() with uq — u{z) and u\ = v(zi), dividing 
by z\ — z and taking z\ — > z gives 



Wi{i){z),u{z)) - W {v(z),u(z)) = / u{z,t)v(z,t)r{t)dt. 

Jo 

Now choose u{z) = u-(z) and v{z) = u + (z) and evaluate the Wronskians 
Wi{u + (z),u-(z)) - W {u+(z),u-{z)) = p + (z)p-(z)W{u + (z),u-{z)) 

= 7=1 = W(u.(z),u + (z)) 
v /D(z) 2 -4 

to obtain the formula. □ 

By (|6.6[) u + and u_ are linearly independent away from the band edges E n . At 
a band edge E n we have u-(E n ,x) — u + (E n ,x) = u(E n ,x) and a second linearly 
independent solution is given by 

s(E n ,x), W{u{E n ),s{E n )) = l. 

Here we assume without loss of generality that s(E n ,£) ^ (since we are only 
interested in open gaps, this can always be achieved by shifting the base point xq = 
if necessary). It is easy to check that s(E n ,x +£) = a n s(E n , x) + s(E n ,£)u(E n , x), 
where o n = p±(E n ) = sgn(L>(£ , „)). In particular, s(E n ,x) is of the form 

s(E n ,x) = s(E n ,x) + anS f'"'^ xu(E n ,x), s(E n ,x + £) = a n s(E n ,x) 

and thus u(E n , x), s(E n ,x) satisfy the requirements of Definition 1 2 . 71 wit h a(x) = 1 
and (i{x) — sgn(D(E n ))s(E n ,£)£~ 1 x. Observe that (3(x) > for an upper band 
edge E2m and (3(x) < for a lower band edge E-zm+i- Moreover, note that at the 
bottom of the spectrum s(Eq, x) is just the second solution computed from u(Eq, x) 
by virtue of d'Alembert's formula (|2.5|) . Setting 



u 0( x ) = \l J u{E n , X), V Q {X) = J £)| s ^"' x > 

we have (3{x) = sgn{D{E n )s{E n ,£))x and l~ x f* u n (t) 2 r(t)dt = £- 2 \D{E n )\ by 
Lemma 16.11 
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